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Let K = K. Given r > 0 define

K :={aeC"/Z" | d(a,K) < r} = U D(a,r).

acK

Clearly K, is open but beware it is not convex in general. Given s > 0,
we consider analytic vector fields P : T7 x K, — C"

P(6, a) =Y Pu(a)e”™?, Pi(a): K. —C".

kezn

with the norm
|Pls,r := sup Z |Pe(a)]e*™I¥!

ackK, kezn

If P(8,a) = Po(a) = p(a), then for all s >0, |p|s,r = ||p|| and if
P(6,a) = P(0), then for all r >0, |P|s,, = |P|s.
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Theorem (Arnold)
Fix~y >0, 7> nand0 < s <1, and define

K

= 27—+2 = —.
s © T 2C(0)

C
o:=5/8, C(o):= Pl

Then for any o € K and any real-analytic P : T" x K, — R" satisfying

r
= < —
© IPlsr < 64n

there exist a unique couple (U, v), where U : T" — R" is real-analytic
with zero average and v € R", such that for F = T, + P, ® =1d+ U
and V=&~ =1d — V, we have

Po(F—v)od ' =T,.
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Theorem (Arnold)
Fix~y >0, 7> nand0 < s <1, and define

— — C_: . ATH2 — K
o :=5/8, C(U)'_'yUT“’ Kk=2""" r._2C(U).

Then for any o € K and any real-analytic P : T" x K, — R" satisfying
r
= |Plsr < —
€ [Pls.r < 64n

there exist a unique couple (U, v), where U : T" — R" is real-analytic
with zero average and v € R", such that for F = T, + P, ® =1d+ U
and V=&~ =1d — V, we have

do(F—v)od ™' =T,.
with the estimates

[V]sj2 < |Ul|sj2 < 20C(0)e < s/4, |DV]s2 < 2|DU|s2 <8C(0)e <1/2,

|v] <2e, Lip,(v) <

32ne <1/2.
r
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< 2C(o)er = ke. Up to now, a was a
+ i : K, — C" will have an inverse
a) + d(y(a)) = p(¥(a)) = a so
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After infinite conjugation by ®; = o ® =P o ¢
b0 (0,a) = (04 0(0,a),a) — (0 + U(0,9(a)), ¥(a))

we have 1) =Id —v: K = R" and F,_,(a) is conjugated to T, o € K.




KAM normal form IV

Lipschitz constant for C! functions on K,




KAM normal form IV

Lipschitz constant for C! functions on K,

Abed Bounemoura

For u: K, — C" C!, let us define

Lip(u), := sup lu(x) = u(y)|
xZy €K, ‘X - y|

In general, Lip(u), is not bounded by ||DU]|,!




KAM normal form IV

Lipschitz constant for C! functions on K,

Abed Bounemoura

For u: K, — C" C!, let us define

Lip(u), := sup lu(x) = u(y)|
xZy €K, ‘X - y|

In general, Lip(u), is not bounded by ||DU]|,!

Lemma
Let u: K, — C" C*. Then u: K,/ — C" is Lipschitz and

Lip(u), /2 < max{8r~"||ul|,, || Dul|3/a}-




KAM normal form IV

Lipschitz constant for C! functions on K,

Abed Bounemoura

For u: K, — C" C!, let us define

Lip(u), := sup lu(x) = u(y)|
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Lemma
Let u: K, — C" C*. Then u: K,/ — C" is Lipschitz and
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Proof.
Let x #y € K 2.
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Lemma
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some a € K so y € B(a, 3r/4) hence |u(x) — u(y)| < [|DU||3/4]x — y/.
Or |x —y|>r/2,
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For u: K, — C" C!, let us define

Lip(u), := sup lu(x) = u(y)|
xZy €K, ‘X - y|

In general, Lip(u), is not bounded by ||DU]|,!

Lemma
Let u: K, — C" C*. Then u: K,/ — C" is Lipschitz and

Lip(u), /2 < max{8r~"||ul|,, || Dul|3/a}-

Proof.

Let x # y € K, /. Then either |x — y| < r/4, but x € B(a, r/2) for
some a € K so y € B(a, 3r/4) hence |u(x) — u(y)| < [|DU||3/4]x — y/.
Or |x —y| > r/2, but |u(x) — u(y)| < 2||u||- and then

|u(x) — u(y)|

< 8r H|ul|,.
Ix =yl
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(1) Product. p,q: K = C, [|pqll- < [lpll-[qll-
(2) Derivative. p: K, = C"and 0 < p<r

I I
SUNPana pll- < llplles 11Dpllr—p := Y 110'pllr—p < np™"||pl]-
[=1
(3) Composition. 0< p<r,u:K—p, = C" |u|lr—p <p
llp o (Id + u)llr—p < llpllr-
(4) Taylor. 0<p<r, u,u:T7_, = C" ||uil|—p < p

llpo(Id + w) = po(Id + w)|lr—p < Lip(p)|lur — waflr—2-
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Product. p,q: K — C, ||pqll- < ||pll-|lqll-
Derivative. p: K, - C"and 0 < p<r

I I
suNg—Ha pll- < llpllrs [1Dpll—p i= S 110 pllo—p < np~ 1Pl
[1]=1
Composition. 0 < p<r, u:Kr—p, = C", |u]lr—p <p
llpo(d+u)l[r—p < |lpll:-

Taylor. 0 < p <r, un,up: T7_, = C", ||ui||r—p < p

llpo(Id + w) = po(Id + w)|lr—p < Lip(p)|lur — waflr—2-

Inverse. ||ul| < r/16n = ||Dul|s;/a < 1/4 = Lip(u),/» < 1/2,
then ¢ =Id + v : K,/ — C" is an analytic embedding such that
K.ja C p(K./2) € Kr and ¢! = 1d — v with

-1
Ivllrsa <Ilullr,  [IDVI[r/a < [|Dullsr/a(1 — || Dull3r/4)
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Product. P,Q:T:, — C, |PQ|s,r < |Pls,r|Qls,r

Derivative. P: Ty, = C"and0 <o <s

ol / / -1
Z Tla P|s—o,r < ‘Pls,m |DP|5—<7 = Z ‘a P|s—a,r <o |P|s,r~
Ienn l1=1
Composition. 0 < o <s, U:T{_,, = C" |U|s—6,, <0
|P0(Id+U)|sfa,r < |P‘s,r7 |Po(Id+U)_P‘sfa,r < 0'71|U‘570,r‘P|s,r-

Taylor. 0 <o <s, Uy, U>: T¢_,, = C",

Ui‘s—a,r S g
|PO (Id+ Ul) - PO (Id+ U2)|s—o',r S ‘DP‘s,r‘Ul - U2‘s—o'~

Inverse. 0 < 20 <'s, |U|s—o,r < 0, |DU|s—s,r < 1, then
®(0,a) =0+ U(0,a): T?_, — C" is an analytic embedding such
that T?_,, C &(T?_,) C T? and &~ =1d — V with

|V|s—26,r S |U|s—d,r» ‘DV|S—2D‘,r S |DU|S—(T,V(1 - |DU|S—(T,V)_1-
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Abed Bounemoura

Proposition (KAM step)
Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume
5::|P\5,,<L, = C(o) = ¢

’YO'TJrl !
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Proposition (KAM step)
Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume

r K c
= sr < —, , = —.
¢ [Pler < 64n r 2C(0) (o) ~yoTHL

Then there exist analytic embeddings

a=1d+0,: T, > T, ackK,
=0T, 5T, acK,
=Id+d) ' =1d-V: K — K

€ €1 B




KAM step

KAM normal form IV

Abed Bounemoura
Proposition (KAM step)

Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume

r K C
= s,r < ) = ’ - :
e=1Pl. 6an’ 2C(o) c() ~yoTHl

Then there exist analytic embeddings

.=1d+0,: T, - T7,
a:&’);l : 27204>T2—07 ac Kf
P=d+d) ' =1d—V: K — K
such that, for a € K,/4,

€ O

aeKr
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Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume

r K C
= s,r < ) = ’ - :
e=1Pl. 6an’ 2C(o) c() ~yoTHl

Then there exist analytic embeddings

.=1d+0,: T, - T7,
a:&’);l : 27204>T2—07 ac Kf
P=d+d) ' =1d—V: K — K
such that, for a € K,/4,

€ O

aeKr

+._~~ . A —
Fi=®g00Fg0®

111(13) =T.+ P:7 |'D+|s—20,f/4 < ke
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Proposition (KAM step)

Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume

r K C
= s,r < ) = ’ - :
e=1Pl. 6an’ 2C(o) c() ~yoTHl

Then there exist analytic embeddings

.=1d+0,: T, - T7,
a:&’);l : 27204>T2—07 ac Kf
P=d+d) ' =1d—V: K — K
such that, for a € K,/4,

€ O

aeKr

+ . _d. . H—1 +
Fai= @ 0 Py 0 Py = T+ Pay

|‘ |$—20,r/4 S RE
5 o
Famo by = Py
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KAM step

Abed Bounemoura

Proposition (KAM step)
Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume
K C

e —|P\5,_64n r:m, C(O‘):F.

Then there exist analytic embeddings
®,=1d+0,:T0_, -T2, ack.

= &’);l . 2727 — Tg_g7 a G Kr

P=d+d) ' =1d—V: K — K

<

such that, for a € K,/4,

Ff =&, 0 Fya 0 5,15(12) =Ta+ PS, [P sc0ra < ke
Fz ° q’w(a) = “’w(a) °Fpe)
|0ls—or < 0C(0)e,  |DUJs—or < C(0)e,
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KAM step

Abed Bounemoura

Proposition (KAM step)
Let F=T,+ P, withae K,, P,: T? — C", 0 < 20 < s and assume
K C

€ _|P‘Sr_64n r:mv C(U):VUTH'

Then there exist analytic embeddings
®,=1d+0,:T0_, -T2, ack.

= &’);l . 2727 — Tg_g7 a G Kr

P=d+d) ' =1d—V: K — K

€2

such that, for a € K,/4,

Fi=85,0Fmo®s = Tat PY, |PYsiaos < ke
Fg ° %(a) = “’w(a) °Fi@)

|U|s—<7,r S UC(U)Ez |DU|5—C'J S C(U)87

|V]r/a <€, |DV|;s <8ne/r, |Lip¥|, s <8ne/r.
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Recall C = (7 +1)1471(27) " and k = 2772 then set

Eo=¢&, S =S, (7'025/87 C(O‘o):
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Choice of sequences

Abed Bounemoura

Recall C = (7 +1)1471(27) " and k = 2772 then set

- C K
eg=¢, SH=s o00=5/8 Clog)=—75, hHh=r=_—/—.
0 0 0 / (00) s 0 2C(00)
Choose o; = 270y, define s;11 = s5; — 20}, §j11 = § — 0j, € = Keo

C(oj) = (26) 7 C(00), 1= 3¢(0)) (26Yr0, ri1 < ri/a.
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Choice of sequences

Abed Bounemoura

Recall C = (7 +1)1471(27) " and k = 2772 then set
C K

£0 g, S0 S, g0 5/87 (UO) 70_(7)'4»1 ) fo r 2C(g’0)

Choose 0j = 27709, define sj11 = s; — 20}, §i11 = § — 0, €j = K'eo

~ 2C(oy)

Coj) = (26) 7 C(00), 1 = (26Yr, i <rn/4

Theng; — 0, 5; — 5/2, § — 3s5/4, C(0;) — 400, rj — 0 and

ZC(O’J')EJ' S2E(Go)€o, Zej/rj §2€o/r0.

JEN JEN
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Choose 0j = 27709, define sj11 = s; — 20}, §i11 = § — 0, €j = K'eo

~ 2C(oy)

Coj) = (26) 7 C(00), 1 = (26Yr, i <rn/4

Theng; — 0, 5; — 5/2, § — 3s5/4, C(0;) — 400, rj — 0 and
ZC(O’J')EJ' S2E(Go)€o, Zej/rj §2€o/r0.
jeN JEN

The final smallness assumption is £ < r/64n, which implies ¢; < r;/64n
and allow to apply the KAM step inductively.
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Proposition (Inductive lemma)
Let F,=T,+ P, withae K., P,: T? - C", 0 < 20 < s and assume

Then for any j € N, there exist analytic embeddings
W=4o- o) =1d— Vv : K, = K,
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such that, for a € K
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s < Cloi)ei, i<j—1
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Proposition (Inductive lemma)
Let F,=T,+ P, withae K., P,: T? - C", 0 < 20 < s and assume

Then for any j € N, there exist analytic embeddings
W=4o- o) =1d— Vv : K, = K,
w{:%oo...o%j =1d = VT x Ky = TS
& = (W)l :¢fd;jo...o¢3;0 =ld+ UV T, x Ky = T¢

such that, for a € K

Fli=®oFy oW, =T, +P, |Plg, <¢

J
Fio®, =®Lo Fy.,
\U,g_l 5. < 0iC(oi)ei, |DU,L'Z+,1 s < Cloi)er, i<j—1

|07, <ei, |DUT, < 8nei/ri, |Lip¥tY,» < 8nei/r, i<j-—1.
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Since |Pj|sj,,j <¢j, forany a € K, F,, = T, + P, — T,. Assuming
¢ =Id—v -1 onKand ¥ =Id+ U — ® on T/, x K, then
FZ;OCD{!:@{!Oij(Q)ETaoq)a:q)aof:w(a), a € K.

Convergence of vl (resp. () amounts to convergence (in norm) of
>, = V) in CO(K,R") (resp. 35, U™ — U'in A(TZ),,C")).

VI =P Vo (ld - V] U U = 0 o (1d+ V).

Let us set 61 = >, 8ne;/rj and 62 = }° -, €j, then

> >0 Lip(Vjs1) < 61 . sup;so Lip(vj+1) < 281 < 32ne/r <1/2
2iso0lVirtlo < 02 20 Vi1 — vilo < (14 261)d, < 2e.

J
With 63 = 7., 0,C(05)ej and da = 37,5 C(0;)e; we have

] ]

! = { SUP;>q |DUjt1ls/2 <26 < 1/2

{Z->o 0515 < b Dizo Uit = Ulsjz < 85 < 200C(a0)e
o |DOF. < 6
220DV s < 0 S0 ID(Upi1 — Uy)lsja < 266 < 4C(00)e.

J
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